In this work we give the estimates of the moments for the Meyer-König and Zeller operators which can be used for studying the approximation properties of the operators.
Introduction
The Meyer-König and Zeller operators are given by M n ( f, 1) = f (1), m n,k (x) = n + k k x k (1 − x) n+1 , and have been the object of several investigations in approximation theory (cf. [1, 2] ). It is known that the estimates of the moments M n ((t − x) l , x) (l ∈ N ) are important for studying the approximation properties of operators M n . For the estimates of moments of many well-known operators, there are nice results (cf. [3, Ch. 9]). But for the operator M n , there are only the estimates of the second-order moment M n ((t − x) 2 , x) as follows (cf. [1] ):
where ϕ(x) = √ x(1 − x). In the literature [4] , the author gave the expression of M n (t r , x). Since the expression is quite complicated, it is difficult to get the estimates of M n ((t − x) l , x) from it.
The purpose of this note is to get the estimates of M n ((t − x) 2 p , x) ( p ∈ N ), the analogues of the other operators in [3, Ch. 9].
Throughout this work, C denotes a positive constant independent of n and x and not necessarily the same at each occurrence.
Main results
we have the following result.
Theorem 2.1. We have the estimates for n > 2 p:
Proof. We proceed by induction. From (1) it is clear that the result holds true for p = 1 and all n. Assume that the result is true, for p = r ≥ 1 and n > 2r . Letting n > 2r + 2, we can write
We will estimate I 1 , I 2 and I 3 separately. For I 1 , we have
As max
we obtain
For I 2 , if x ≥ 1 n , then I 2 ≤ 0; we can omit it. If 0 < x < 1 n , then | 1 n+1 − x| < 1 n and further
Now we estimate I 3 . Note that
So we have
It is easy to calculate that for n > 2r + 2
Using the estimate
and for 1 n ≤ x ≤ 1
where a ∼ b means that there exists a constant C such that C −1 a ≤ b ≤ Ca, we get
Similarly we have
Therefore we obtain
From (3) to (5) and (7), for n > 2(r + 1) we have
By induction we have proved Theorem 2.1.
Remark: 3. For M n ((t − x) 2l+1 , x) we can use Hölder inequality and Theorem 2.1 or the above method to get the estimates. 4. As regards the case n ≤ 2 p, the inequality (6) can be replaced by (n + k + 1) −2r m n−2,k (x) ≤ n −2r m n−2,k (x), and the result of Theorem 2.1 will be modified, but it does not have a great impact as regards application.
